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USE OF A VARIATIONAL METHOD TO SOLVE A HEAT CONDUCTION PROBLEM 
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UDC 536.2 

An examination is made of Kantorovich's variational method for 
analytical solution of steady heat conduction problems with internal 
heat sources having a two-dimensional distribution law. A method is 
described for choosing coordinate functions which satisfy the assigned 
boundary condition. Dimensionless coefficients of the system of Euler 
equations are introduced. 

In o rde r  to fo rmula te  a whole s e r i e s  of topical  op-  
t ima l  p r o b l e m s  it is n e c e s s a r y  to have ava i lab le  a 
s imple ,  but  suff ic ient ly  accura te  ana ly t ica l  e x p r e s s i o n  
to de sc r ibe  the t e m p e r a t u r e  field. The p r e s e n c e  of i n -  
t e r n a l  heat  sources  with a complex two-d imens iona l  
d i s t r i bu t ion  and non t r i v i a l  boundary  condit ions makes  
ana ly t ica l  so lut ion of the heat  conduction equat ion by 
o r d i n a r y  methods difficult ,  and the r e s u l t  obtained 
unwieldy.  The approx imate  va r i a t iona l  method examined  
in this paper  a l lows so lu t ion  of such p r o b l e m s  with 
m i n i m u m  expendi ture  of effort .  

The heat  conduct ion equat ion for a Cylinder (Fig. 1) 
with in te rna l  heat  sou rces  under  s teady condit ions and 
axial  s y m m e t r y  has the f o r m  

O~T + 1 07" O2T + q~ 
0-~ - ;  0 - ; - + - j  -~-=0.  (1) 

Let the in t e rna l  hea t  sou rces  be a s s i g n e d  in the 

f o r m  

q~ = qowl (x) w2 (r), (2) 

where  qo is the i n t e r n a l  speci f ic  heat  gene ra t ion  at  the 
point  with coord ina tes  x = 0, r = 0; wl(x), w2(r ) a re  

c e r t a i n  given funct ions .  
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Fig.  1. Schemat ic  of sol id cy l inder .  

The boundary  condi t ions  a r e  a s s igned  in the fol-  

lowing fo rm:  

x -= 0, ), ~ = a 1 (T - -  Tt), 
Ox 

x = 1, - -  ~, ~---- = ~ (T  - -  Tf), 
Ox 

OT 
r = R , - -  ~ - -  = aa (T  - -  Tf).  (3) 

Or 

We in t roduce the d i m e n s i o n l e s s  coord ina tes  

f i r  = p, xlR = ~, ( T  - -  T~)/Tf = t. (4) 

We also denote 

ff~i t~/)~ ~ k l ,  ~2 RI)~ = ks, % RI~  ---- k3, R2qolk T~ = q. (5) 
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Fig. 2. Schemat ic  of hollow cyl inder .  

Then (1) takes the f o r m  

82~ . 1 8t O2t 
8 t> ~ ~- - -  - -  4 - -  § qwlw2 ---- 0. (6) 

9 0 9  Op 2 

The boundary  condi t ions  may co r re spond ing ly  be 
wr i t t en  as 

at 
= O, - ~  - -  ki t  = 0; (7} 

l Ot 
_ , ~- k2t = 0; (8) 

R O~p 

Ot p = l ,  7 + k ~ t = 0 .  (9) 

Equat ion  ( 6 )  i s  the E u l e r - O s t r o g r a d s k i i  equat ion 

F~-- 0 F ,  0 f ,  = 0  (10) 

for  the funct ional  

p =  l , ~= I /R  

p~O 'D~O 

i 2lqwiw~] p d p d ~2, (11) 
J 

where  F is the i n t eg rand  funct ion.  
The so lu t ion  of (6) may approx ima te ly  be r e p r e s e n t e d  

by the sum 
n 

t = ~u~(p) .s~(~) ,  (12) 
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where  si(~b ) a r e  funct ions  sub jec t  to def in i t ion  f r o m  
the condi t ion  that  func t iona l  (11) a t t a in s  an e x t r e m u m ;  
ui(p) a r e  coord ina t e  funct ions  which m u s t  be chosen  
such that ,  f i r s t l y ,  bounda ry  condi t ion  (9) and the s y m -  
m e t r y  condi t ions  

p = o, ot = 0  (1a) 
0p 

a r e  s a t i s f i ed ,  and, s econd ly ,  the na tu re  of the v a r i a -  
t ion  of t e m p e r a t u r e  a long a r ad iu s  is  d e s c r i b e d  in a 
m a n n e r  c l o s e  enough to the  ac tua l .  

The m o r e  s u c c e s s f u l  is  the  choice  of coo rd ina t e  
funct ions  u i,  the f ewer  t e r m s  a r e  r e q u i r e d  in (12) to 
obta in  a s a t i s f a c t o r y  a p p r o x i m a t i o n .  We sha l l  d e t e r m i n e  
funct ion  u t as  a so lu t ion  of the c o r r e s p o n d i n g  o n e -  
d i m e n s i o n a l  equa t ion  

d2u~ .L 1_}_ du~ + w~ (p) = 0. (14) 
do 2 p dp 

The f i r s t  i n t e g r a t i o n  g ives  

d u ,  1 ~w~(p)pd9 + Cx , (15) 
dp  9 ,J P 

It fo l lows f r o m  condi t ion  (9) that  C 1 = 0. We i n -  
t r oduce  the a u x i l i a r y  funct ion  ~ :  

dO) 1 ; 
--  w2 (P) 9 d 9. (16)  

d9 p 

As a r e s u l t  of a s econd  i n t eg ra t i on ,  us ing bounda ry  
condi t ion  (9), we f ind  

1 d O ( l )  
u~ = O ) ( 1 ) -  {I} (n) + (17) 

ka dp 

It is not  d i f f icul t  to see  tha t  if u t is  bu i l t  up in the 
f o r m  

[ i do)(I).; i (18) 
u i =  O) (1) - -  O) (O) q- k3 d9 ' 

then condi t ions  (9) and (13) wi l l  be s a t i s f i e d  fo r  any i. 
In a c c o r d a n c e  with the  b a s i c  idea  of the  v a r i a t i o n a l  

me thod  app l i ed ,  e x p r e s s i o n  (12) should  be  s u b s t i t u t e d  
in the func t iona l  (11) sub j ec t  to m i n i m i z a t i o n .  Sub-  
sequen t ly ,  c a r r y i n g  out  i n t e g r a t i o n  with r e s p e c t  to p, 
we choose  the unknown funct ions  s t f r o m  the condi t ion  
of m i n i m i z a t i o n  of the func t iona l  ob ta ined ,  which now 
conta ins  a funct ion  of only one v a r i a b l e  ~; t h i s  l e a d s  
to so lu t ion  of a s y s t e m  of o r d i n a r y  d i f f e r e n t i a l  e q u a -  
t ions .  We have  

o, =o ~ )2+ 
rl tt 

On/ ~ / 
i = 1  i = l  

We in t roduce  the de s igna t i on  

1 1 

ai= i we(O)uipdp, aii= Suiuipd,, 
l) 0 

I 

d o-o 570 odo, (20) 
o 

where  t, j = 1, 2 . . . .  , n. 
I n t eg ra t ing  with r e s p e c t  to p in the funct ional  (19) 

wi th in  the  l i m i t s  ind ica ted ,  we obta in  

U R  

\ or 2 ~ ,v or U 4 + ~  
0 

-+-2~.buSiSl--2q~12aisi]d~, (21) 

whe re  the s u m m a t i o n  is  p e r f o r m e d  for  i,  j = 1, 2, 
. . . .  n, but  in the r a n g e  of one sum,  i # j.  F u n c -  
t ional  (21) m u s t  r e a l i z e  an e x t r e m u m  on the 2 n - p a r a -  
m e t r i c  f ami ly  of c u r v e s  d e t e r m i n e d  f r o m  the s y s t e m  
of E u l e r  equat ions  

d F:~ = 0, (22) 

which may  be w r i t t e n  t n t h e  g e n e r a l  ease  as  

~ ai,s~ -- ~ b~isi = --qwaa~, (23) 
1 = 1  1 = 1  

where  i = 1 ,  2, . . . ,  n. 
E x a m p l e .  To f ind the s t eady  t e m p e r a t u r e  d i s t r i b u -  

t ion in a so l id  c y l i n d e r  in which the hea t  sou rce  g e n e r -  
a t ion  law is g iven  by  the r e l a t i o n  

q~=qoexp(--~.x)(1--qQ~-~') " q 0  

The bounda ry  condi t ions  a r e  a s s i g n e d  in the f o r m  (3). 
We des igna t e  

qR/qo=~, ~.R=p.; 
then 

w. = exp(-- l*r  w~ = 1 --DO'. 

We d e t e r m i n e  the a u x i l i a r y  funct ion 

d*dp Pl ; w~gdg= @(l__,9~), 

0 0 = 9 2 (  i ~ 2) 
T 7 - 0  " 

J 

Let  us r e s t r i c t  o u r s e l v e s  to one t e r m  of s e r i e s  (12); 
then  a so lu t ion  of the o r i g i n a l  equat ion  (6) should be 
sought  in the f o r m  

+ 2 - - [ ~ ] s ~ .  
t = [ ( 1 - - 9 2 ) - -  4~---(1--P~) k3 J 

The s y s t e m  (23) i s  one equat ion ,  in wMch the c o e f -  
f i c i en t s  with m i x e d  ind ices  a r e  equal  to ze ro .  We f ind 

1 

t ~u~pdp= 1 k3-t- 6ka + 12 
al~ = 2 3k~ ; 

0 

1 

;{Oul~Z . 1 [3" 
t,,, = {-DT-o] n " ~  

0 
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l , [ +  1 
0 

1 ~ 2--15 

The Eule r  equation in this case  takes  the f o r m  

allS 1 - -  bllsl = - -  q exp (--  ~r al. 

$1 

Its solut ion is 

alq [Ci exp (o@) + C~ exp ( _  o~2) + exp ( _  FI~)], 
~2 a l l  - -  hal  

where  w = r 
Thus,  the des i r ed  t e m p e r a t u r e  d is t r ibut ion is de- 

sc r ibed  by the exp re s s ion  

~'2 a l l - - b i i  [(1--p~) 

• [C~ exp(~r + C 2 e x p ( - - ~ )  + e x p ( - - ~ ) ] .  

The constants  of in tegra t ion a r e  de t e rmined  f r o m  
boundary  conditions (7) and (8). 

We shall  examine the p rob l e m  of heat  eonduetion 
for  a hollow eyl tnder  (Fig. 2). Let  the boundary  c o n -  
dit ions be ass igned  in the following form:  

x = l ,  ~ ~--~-=0, 
Ox 

OT 
x - - l ,  ), 0 

Ox 

r = ro, _)~ aT = Q, 
Or 

. aT 
r = R, -- t. = a.~ (T --Tf). (24) 

Or 

To the des ignat ions  of (5) we add 

ro/R----po, Q R I T t ~  = W, (25) 

Then the boundary  condit ions,  al lowing for  s y m -  
met ry ,  f inal ly take the following fo rm:  

l at 
- , -- 0; (26) 

R a~ 
at 

r  - ~ = 0 ;  (27) 

at 
9=Po ,  - - = - - W ;  (28) 

09 

Ot 
= 1, -~0  + k3t = o. (29)  

We seek a solut ion in the f o r m  
n 

t = ~ ~(p)s,~,?) + ~,. (30) 
i = l  

The int roduct ion of A p e r m i t s  us to r ep lace  the in -  
homogeneous  boundary  condit ion (28) b y a  homogeneous  
o n e  

0 " 
- - ~ u i s  ~ = 0. (31) P=Po,  Op 

T 

1200 ~ ~ - - -  a 
~ . ~ b  

coo 

-! 0 / ' " ~  

o.50 o.75 ? 

Fig. 3. Distr ibut ion of t empe ra tu r e ,  
T (~ in the hollow cyl inder :  I and 
2) radia l  var ia t ion  of t e m p e r a t u r e  
with ~ b = 0 a n d r  l / R = 2 ;  3 and 4) 
axial d is t r ibut ion with p = P0 = 0.5 
and p = 1; a) f i r s t  approximat ion;  b) 

second;  c) third.  

We define A in the binomial  f o r m  h = A p -+- B p 2, 
in which we shall  find A and B, using the obvious 
conditions 

d h  
P=Po, - - = - - W ;  

dp 

Then 

d h  
9 = 1 ,  --~p + ks h = O. 

03(t + kz)--9(2 +ka) 
A -- W (32) 

2 (1 - -  P0) + k3 ( 1 - -  2p0) 

Retaining all the a rgumen t s  p re sen ted  above, we 
de te rmine  u 1 as the solution of (14) with boundary  con-  
dit ions (28) and (29): 

u,  = �9 (1) - -  (I) (9) + Po d if) (Po____~) In p + 
d9 

-1- -~-sl [ dO(i)dp Po -~~---9 J "d(l)(P~ ] (33) 

It is then n e c e s s a r y  to seek the solution of (6) for  
the hollow cyl inder  in the f o r m  

~ {  dO(9o) In + i 
= o ( 1 ) - * ( o ) + p o  do ' ~-~• t o 

l = l  

X [ d(D(1) Po dO(po) l t s i  + h. (34) 
[ d o d O J) 

Substi tuting (30) into functional  (11), we have 

'[(V o, + 
v =  LX~ a , " '  ~ dpy 

0 po  ~ 

(35) 
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We add one m o r e  des igna t ion  to (20): 

1 

dA Ou~ 
b, = ~ T0~0 0.0.  (3~) 

t% 

In func t iona l  (35) we c a r r y  out  i n t eg ra t i on  with r e -  
s p e c t  to p in the  l i m i t s  ind ica ted .  The  E u l e r  equa t ions  
then  t ake  the f o r m  

a , , ,~ i -  ~ , , s ~  = ~ , -  qw,a, ( i  ~ I.  2 . . . .  . n). (37) 
f=l i = i  

E x a m p l e .  To find the s t eady  t e m p e r a t u r e  d i s t r i b u -  
t ion in a hol low c y l i n d e r  with bounda ry  condi t ions  (24) 
and the fo l lowing in i t i a l  da ta :  R =  0.10 m; X =~50 k c a l / m .  
�9 hr .  *C; Q = 3 . 1 0  s k c a l / m Z . h r ;  r 0 = 0 . 5 m ;  l =0.20 m; 
~ = 2500 k c a l / m  2 �9 hr .  ~ Wa = cos  0.3 x / R ;  Tf = 800 ~ 
K; q0 = 5 . 1 0  ~ k c a l / m ~ . h r ;  w 2 = 1  - (3 /8 ) ( r /R) .  

In d i m e n s i o n l e s s  c o o r d i n a t e s  the s t a r t i n g  da ta  t ake  
the fo l lowing f o r m :  

3 k ~ = 5 ,  IV =0,75; q = 1.25, wa= cos 0:35; w~ = l~ -~ -p ,  

h = - -  0,75(7,0---699). 

We f ind the a u x i l i a r y  funct ion (the cons tan t  m u l t i -  
p l i e r  1/4  has  been  dropped)  

Then 

dO(j) 

dO) 1 ~ I pa. --=2~-yp, a)=o'<T dp 

_ _  3 dgP(0.5) = 0.8750, q3(1) = 0,8333. 
dp 2 ' dr9 

The g e n e r a l  e x p r e s s i o n  fo r  funct ion  ui ,  in a g r e e -  
ment  with (34), wi l l  have  the  f o r m  

u~ = (O:8333--p2 + + p ~  + O.43751np + i.O.2125 y.  

The coe f f i c i en t s  of the s y s t e m  of E u l e r  equa t ions  
a r e  

al = 0.10595 a u = 0 , 0 5 6 9 5  

a2 = 0.10346 al~ = 0.05739 

a3 = 0.15753 a22 = 0.05614 

a13 = 0.09018 

a23 = 0.08556 

a33 = 0,13018 

With one t e r m  of the s e r i e s  we obta in  

ans~ --  bus, = bl - -  al .  1.25 cos 0.35. 

I ts  g e n e r a l  so lu t ion  is 

s~ = Ci exp (~o5) + C2 exp (-- r -- b~, + 

1.25al 
+ - cos 0,35, 

0.3~an + bu 

w h e r e  w = 
The t e m p e r a t u r e  d i s t r i b u t i o n  law t a k e s  the f o r m  

bl = --0.65196 bu = 0.19314 

b2 = - -  0.72831 bl~ = 0.21623 

bz = - -  1,06082 b2~ = 0.22338 

b13 = 0.25843 

b~8 = 0.29621 

b83 = 0.37951. 

tl=(O.8333--p~+-ff-I p3+O.43751ng+ 

+ 0.2125 ) { 1.57w -~ [exp (1.84~) q- 

+ exp ( - -  1.845)l + 3.37 + 0.67 cos 0.3ap } --  0.75 (7p - -  602). 

With  two t e r m s  of the  s e r i e s  we obta in  the  s y s t e m  

alls~ + a l~  --  bllsl - -  bns~ = bl ~ 1.25al cos 0.3% 

a~ls'~ +a2~s~ - -  b~lSl -- b2~s2 = b~ -- 1.25a~ cos 0.3~. 

The t e m p e r a t u r e  d i s t r i b u t i o n  law is  

1 9 = (  ~ 1 z ) 083334-9 ff--ff-P +0.43751n? § X 

• { 4.33-.10-"Iexp (1,76~) + exp ( - -  1,765)]-- 

- -  0,301 cos 4.855 q- 0.342.10-~ sin 4.855 q- 

+ 2.72--0.201 cos0.3,} + (0 .8333- -?~+  _~_93 + 

+ o.4375 In p + 2.0.2125 X { 1.74, t0 .9 [exp (1.76q~) + 

--1- exp ( - -  1.765)1 - -  0.252 cos 4.855 + 

+ 0 . 2 8 5 .  i0-~ sin 4.855 + 2.10 + 

+ 0.466 cos 0.35} - -  0.75 (7o --  69~). 

The c u r v e s  of F ig .  3 we re  d rawn f r o m  the c a l c u -  
l a t e d  data .  The m a x i m u m  d i s c r e p a n c y  of the  r e s u l t s  
of the  f i r s t  and s econd  a p p r o x i m a t i o n s  was 15" (15/  
/ 8 0 0 , 1 0 0  = 1.9%), and the d i s c r e p a n c y  of the r e s t t l t s  
of the second  and t h i r d  a p p r o x i m a t i o n s  was  5 - 6 ~  
/ 8 0 0 .  100 = 0.75%). 

The v a r i a t i o n a l  me thod  examined ,  which r e d u c e s  
the  so lu t ion  of the  t w o - d i m e n s i o n a l  hea t  conduct ion  
equa t ion  to the so lu t ion  of a s y s t e m  of l i n e a r  d i f f e r e n -  
t i a l  equa t ions ,  iS v e r y  s i m p l e  and r a p i d l y  convergent .  
The p r o p o s e d  m e a n s  of choos ing  the coord ina t e  f u n c -  
t i ons ,  and the p o s s i b i l i t y  of us ing  even s i m p l e r  i n -  
t e g r a t o r s  to ca l cu l a t e  the coef f i c ien t s  of the s y s t e m  of 
E u l e r  equa t ions ,  make  th is  me thod  t e c h n i c a l l y  s u i t -  
able .  
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